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We show that certain three-dimensional Horˇava-Lifshitz gravity theories can be written as Chern-
Simons gauge theories on various non-relativistic algebras. The algebras are specific extensions of
the Bargmann, Newton–Hooke and Schro¨dinger algebra each of which has the Galilean algebra as a
subalgebra. To show this we employ the fact that Horˇava-Lifshitz gravity corresponds to dynamical
Newton–Cartan geometry. In particular, the extended Bargmann (Newton–Hooke) Chern–Simons
theory corresponds to projectable Horˇava-Lifshitz gravity with a local U(1) gauge symmetry without
(with) a cosmological constant. Moreover we identify an extended Schro¨dinger algebra containing
3 extra generators that are central with respect to the subalgebra of Galilean boosts, momenta
and rotations, for which the Chern–Simons theory gives rise to a novel version of non-projectable
conformal Horˇava-Lifshitz gravity that we refer to as Schro¨dinger gravity. This theory has a z =
2 Lifshitz geometry as a vacuum solution and thus provides a new framework to study Lifshitz
holography.
I. INTRODUCTION
The local equivalence of three-dimensional Einstein
gravity (with or without a cosmological constant) in
terms of a Chern-Simons gauge theory [1, 2] has been of
crucial importance in order to gain insights into the clas-
sical and quantum properties of the theory, along with
holographic dualities to two-dimensional CFTs. Three-
dimensional (relativistic) gravity thus plays a special role
due to its simplicity, having no propagating degrees of
freedom, yet being non-trivial enough to allow for black
holes and numerous other interesting features.
Recently non-relativistic geometry has gained consid-
erable interest, in part due to their appearance in non-
AdS holography [3–6], their relevance in condensed mat-
ter setups such as the fractional quantum Hall effect
[7, 8] and other fluid/field-theoretic applications [6, 9–
12]. Moreover these geometries lead to interesting theo-
ries of non-relativistic gravity, beyond Newtonian gravity
as embodied in the original formulation of Cartan. In
particular, a novel generalization of Newton-Cartan ge-
ometry with torsion was first observed in [3] and it was
subsequently shown in [13] that making this geometry
dynamical leads to the known versions of Horˇava-Lifshitz
gravity constructed in [14–16]. Interesting supersymmet-
ric extensions of Newton-Cartan gravity have been con-
sidered as well [17–19]. All this begs the question whether
in three dimensions such non-relativistic gravity theories
are related to Chern-Simons (CS) theories, in parallel to
the relativistic case.
The generalization of the CS formulation to non-
relativistic Galilean gravity was initiated in the pioneer-
ing work [20], in which the CS gauge field takes value
in a Galilean algebra with two central extensions (the
extended Bargmann algebra), replacing the Poincare´ al-
gebra of the relativistic setting. We will show in this
paper that this vielbein formulation is equivalent to
three-dimensional torsionless Newton-Cartan (NC) grav-
ity [13], which in turn is the 3-dimensional U(1)-invariant
projectable Horˇava–Lifshitz gravity of [16].1 By going
to an extended Newton-Hooke algebra, we furthermore
show that a cosmological constant can be added to the
theory. Moreover, by constructing a z = 2 Schro¨dinger
algebra with 3 extra generators, that are central with
respect to the subalgebra of Galilean boosts, momenta
and rotations, we obtain a novel action for conformal
non-projectable Horˇava–Lifshitz gravity. The latter the-
ory corresponds to a new version of dynamical twist-
less torsional Newton-Cartan geometry which we call
Schro¨dinger gravity.
The CS formulation based on the extended Bargmann
algebra can be viewed as the non-relativistic counterpart
of 3-dimensional Einstein gravity without a cosmologi-
cal constant. Adding a cosmological constant via the
Newton–Hooke algebra does not have the same effect as
in the relativistic case. In particular the theory is still
1 The topological nature of this theory was also discussed in [16].
2described by projectable Horˇava–Lifshitz (HL) gravity.
It will be shown that the cosmological constant leads to
time dependent geometries.
In order to find the counterpart of AdS3 gravity we
need to find a CS theory that is equivalent to non-
projectable HL gravity. This is provided by consider-
ing the extended Schro¨dinger algebra in 2+1 dimensions
that allows for a CS theory corresponding to twistless
torsional Newton-Cartan (TTNC) gravity, or what is the
same non-projectable HL gravity, with z = 2 scaling sym-
metry. We show that this theory of Schro¨dinger gravity
admits z = 2 Lifshitz geometries and thus provides a new
framework to study Lifshitz holography.
This letter is organized as follows. In section II we
discuss the basic properties of the three Lie algebras on
which the CS actions are based, namely the extensions
of the Bargmann, Newton–Hooke and Schro¨dinger al-
gebras that admit a non-degenerate metric. In section
III we construct the most general CS actions compati-
ble with these symmetries. This includes terms that are
the non-relativistic counterpart of the Lorentz CS term
that can be added to the Einstein–Hilbert action in 3 di-
mensions. We continue in section IV to rewrite the CS
actions based on the Bargmann and Newton–Hooke alge-
bras in the metric formulation of Newton–Cartan geom-
etry showing that the resulting theory is a known version
of projectable HL gravity. In this section we also discuss
the local properties of the solutions to the flatness con-
ditions. Finally in section V we show that the CS theory
based on the extended Schro¨dinger algebra is equivalent
to a novel version of TTNC/ non-projectable HL grav-
ity. In that section we also show that the theory admits
z = 2 Lifshitz solutions. We conclude with a discussion
and outlook in section VI.
II. NON-RELATIVISTIC LIE ALGEBRAS WITH
NON-DEGENERATE METRICS
Non-relativistic symmetry algebras are typically non-
semisimple Lie algebras, containing the Galilean algebra
as a subalgebra, which consists (in 2+1 dimensions) of
the generators J (rotation), Pa (translations, a = 1, 2),
Ga (Galilean boosts) and H (Hamiltonian). In order
to write down a Chern–Simons theory one needs a non-
degenerate symmetric bilinear form (metric) on the Lie
algebra that serves to define the trace in the Chern–
Simons action2
LCS = Tr
(
A ∧ dA+
2
3
A ∧ A ∧A
)
. (1)
For a non-semisimple Lie algebra the existence of such a
bilinear form is a non-trivial requirement, and in case of
2 For brevity, the overall multiplicative constant k/(4pi) involving
the Chern–Simons level k, appearing in this action will be omit-
ted, as it plays no role in our discussions below.
the Galilean algebra with non-zero commutators
[J , Pa] = ǫabPb , [J ,Ga] = ǫabGb , [H ,Ga] = Pa , (2)
it necessitates the addition of central elements. While
in any dimension the Galilean algebra can be centrally
extended to the Bargmann algebra using the mass gen-
erator N satisfying
[Pa , Gb] = Nδab , (3)
in 2+1 space-time it is possible to add three further cen-
tral elements S, Y and Z as follows3
[Ga , Gb] = Sǫab , [Pa , Pb] = Zǫab ,
[Pa , Gb] = Nδab − Y ǫab . (4)
These play an important role in obtaining non-degenerate
metrics on various non-relativistic symmetry algebras
such as the Bargmann, Newton–Hooke and Schro¨dinger
algebras. In the following, we denote by B(x, y) the bi-
linear form where x and y are elements of the Lie al-
gebra. Symmetry requires that B(x, y) = B(y, x) and
invariance under the action of the algebra corresponds to
B([z, x], y) +B(x, [z, y]) = 0 for all z, x, y.
A. Extended Bargmann algebra
If we add the central element S in (4) (but not Y and
Z) to the Bargmann algebra (2), (3) the resulting non-
semisimple Lie algebra is a semi-direct sum of the nor-
mal subalgebra H,Pa, N with the Nappi–Witten algebra
[23] consisting of J,Ga, S (which is a central extension of
the 2-dimensional Euclidean algebra). This algebra was
used in the Chern–Simons theory (CS) of [20] and cor-
responds, as shown below, to a 3D projectable Horˇava–
Lifshitz gravity theory. The possible non-trivial values of
B(x, y) for the centrally extended Bargmann algebra are
given by
B(H,S) = −B(J,N) = c1 , B(Pa, Gb) = c1ǫab ,
B(Ga, Gb) = c2δab , B(J, S) = c2 ,
B(J, J) = c3 , B(H, J) = c4 , B(H,H) = c5 , (5)
with ci arbitrary constants and with c1 6= 0 for the matrix
to be non-degenerate. If we remove the central element S
from the algebra the bilinear form becomes degenerate.
3 In the case of the Galilei algebra one cannot add the Y generator
as a central extension because there is no non-trivial cohomology
associated with it as follows from the results of [21, 22]. Here we
will never use Y in the context of the Galilei algebra but only
in the larger Schro¨dinger algebra. We thank Joaquim Gomis for
pointing this out to us.
3B. Extended Newton–Hooke algebra
There exists a deformation of the Bargmann algebra
called the Newton–Hooke algebra. Its nonzero commu-
tators are those of (2), (3) plus [H ,Pa] = −ΛcGa . There
exists an extension of this algebra involving the S gener-
ator where the central element appears in
[Ga , Gb] = Sǫab , [H ,Pa] = −ΛcGa ,
[Pa , Pb] = ΛcSǫab . (6)
This extended Newton–Hooke algebra, which reduces to
the extended Bargmann algebra for Λc = 0, was studied
in the context of CS theories in [24]. For Λc 6= 0, the pa-
rameter Λc can be set to one by rescaling (H,Pa, N) →
Λ
1/2
c (H,Pa, N). The most general symmetric bilinear
form that one can define on the algebra is given by (5)
together with
B(H,N) = −Λcc2 , B(Pa, Pb) = Λcc2δab , (7)
and requiring Λc 6= c
2
1/c
2
2 ensures that the matrix is non-
degenerate.
C. Extended Schro¨dinger algebra
The conformal extension of the Bargmann algebra is
the Schro¨dinger algebra (with dynamical exponent z =
2). The Hamiltonian is extended to an SL(2,R) alge-
bra consisting of dilatations D with z = 2 and a special
conformal generator K that form the subalgebra
[D ,H ] = −2H , [H ,K] = D , [D ,K] = 2K . (8)
The Schro¨dinger algebra is obtained by taking this
SL(2,R) algebra and specifying how it acts on the
Bargmann subalgebra (2), (3). This action is given by
[H ,Ga] = Pa , [D ,Pa] = −Pa ,
[D ,Ga] = Ga , [K ,Pa] = −Ga . (9)
The mass generator N remains central with respect to
the full Schro¨dinger algebra.
It is possible to add dilatations to the extended
Bargmann algebra of section IIA by taking [D,S] = 2S.
However this algebra has no non-degenerate metric. If
we consider the full central extension (4), i.e. we add
S, Y and Z to the Bargmann algebra we can add the
full SL(2,R) algebra (8) such that (9) continue to hold.
The action of the SL(2,R) subalgebra on S, Y and Z is
non-trivial and fully determined by the Jacobi identities
given all the other commutators.4 The result is that the
nonzero commutators are
[H ,Y ] = −Z , [H ,S] = −2Y , [K ,Y ] = S ,
4 This is an explicit example of a more general theorem on double
extensions of Lie algebras, elaborated on in [25]. We thank Jan
Rosseel for useful discussions on this point.
[K ,Z] = 2Y , [D ,S] = 2S , [D ,Z] = −2Z . (10)
The extended Schro¨dinger algebra is thus given by (2)–
(4), (8), (9) and (10). The corresponding symmetric bi-
linear form invariant under the extended Schro¨dinger al-
gebra is
B(H,S) = B(D,Y ) = B(K,Z) = −B(J,N) = c1 ,
B(Pa, Gb) = c1ǫab B(H,K) = −c2 ,
B(D,D) = 2c2 , B(J, J) = c3 , (11)
which is non-degenerate if c1 6= 0.
III. NON-RELATIVISTIC CHERN–SIMONS
ACTIONS
We now turn to study the form of the CS action (1)
for each of these three algebras which have the Bargmann
algebra as a subalgebra and allow for a non-degenerate
metric.
A. Bargmann and Newton–Hooke invariant
Chern–Simons actions
The extended Bargmann algebra can be obtained by
setting Λc = 0 in the extended Newton–Hooke algebra
so we will construct the CS action using the metric (5)
and (7). Expanding the gauge connection as A = Hτ +
Pae
a +GaΩ
a + JΩ+Nm+ Sζ , the CS action becomes
Tr
(
A ∧ dA+
2
3
A ∧ A ∧A
)
=
2c1
[
− ǫabR
a(G) ∧ eb +
1
2
ǫabτ ∧ Ω
a ∧ Ωb − Ω ∧ dm
+ζ ∧ dτ + Λcτ ∧ e
1 ∧ e2
]
+c2
[
Ωa ∧Ra(G) + 2ζ ∧ dΩ + Λce
a ∧Ra(P )
−2Λcτ ∧R(N) + Λce
a ∧Ωa ∧ τ
]
+c3Ω ∧ dΩ+ 2c4τ ∧ dΩ + c5τ ∧ dτ , (12)
(see also [20, 24]) where the curvatures Ra(P ), Ra(G)
and R(N) are given by
Ra(P ) = dea − Ωa ∧ τ − ǫabΩ ∧ eb , (13)
Ra(G) = dΩa − ǫabΩ ∧ Ωb , R(N) = dm− Ωa ∧ ea .
These curvatures are defined by the expansion of the field
strength
F = dA+A ∧ A
= HR(H) + PaR
a(P ) +GaR
a(G) + JR(J)
+NR(N) + SR(S) . (14)
We see that Λc plays the role of a cosmological constant
term (in the c1 term). The terms proportional to c2Λc are
4by themselves invariant under the gauge transformations
δA = dΛ + [A ,Λ].
The terms with coefficients c4 and c5 in (12) are not
interesting as they can be removed by a field redefinition
of ζ. This leads to a new value for the parameter in
front of the Ω ∧ dΩ term. Hence we can always restrict
ourselves to c1, c2 and c3 and set to zero c4 = c5 = 0.
When Λc = 0 the terms proportional to c2 and c3 are
c2 (Ω
a ∧Ra(G) + 2ζ ∧ dΩ) + c3Ω ∧ dΩ . (15)
These can be thought of as the analogue of the Lorentz
CS term. The term with coefficient c2 is a novel Galilean
boost invariant combination that starts as Ωa ∧dΩa plus
extra terms to make it invariant. To see the invariance
explicitly we give the transformations of the connections
for Λc = 0 appearing in (15) that read
δΩa = dλa + ǫab
(
λΩb − λbΩ
)
, δΩ = dλ ,
δζ = −ǫabλaΩb . (16)
If we consider the CS theory on a manifold with a bound-
ary they are expected to lead to Galilean boost and rota-
tion anomalies on the boundary theory. In the simplest
setting with c2 = c3 = 0 the ζ equation of motion is
dτ = 0. In section IVA we will see that this corresponds
to having no torsion in the Newton–Cartan description,
or what is the same, projectable HL gravity [13].
B. Schro¨dinger invariant Chern–Simons action
The extended Schro¨dinger algebra is (2)–(4), (8), (9)
and (10). We expand the gauge field as
A = Hτ + Pae
a +Gaω
a + Jω +Nm+Db+Kf
+Sζ + Y α+ Zβ . (17)
Using the metric on the Lie algebra (11) the Chern–
Simons action can be written as
L = 2c1
[
R˜2(G) ∧ e1 − R˜1(G) ∧ e2 + τ ∧ ω1 ∧ ω2
−m ∧ dω − f ∧ e1 ∧ e2 + ζ ∧ (dτ − 2b ∧ τ)
+α ∧ (db− f ∧ τ) + β ∧ (df + 2b ∧ f)
]
(18)
+2c2 [b ∧ db − τ ∧ df + 2b ∧ τ ∧ f ] + c3ω ∧ dω ,
where the curvature R˜a(G) is given by
R˜a(G) = dωa + ǫabωb ∧ ω − ωa ∧ b− f ∧ ea . (19)
There is no redefinition of the connections ζ, α and
β that allows one to remove the term with coefficient c2
entirely. It transforms under the SL(2,R) transforma-
tions inside the extended Schro¨dinger algebra. It would
be interesting to see if it corresponds to some anomaly
for a boundary theory like a Weyl-type anomaly.
The equation of motion of ζ now imposes the on-
shell condition that dτ = 2b ∧ τ which is equivalent
to τ ∧ dτ = 0. In the language of Newton–Cartan ge-
ometry this corresponds to twistless torsional Newton–
Cartan (TTNC) geometry [3, 26] or what is the same
non-projectable HL gravity [13]. The details will be given
in section VA.
IV. CHERN–SIMONS ACTION FOR 3D
PROJECTABLE HORˇAVA–LIFSHITZ GRAVITY
We know from [27] that gauging the Bargmann al-
gebra leads to Newton–Cartan (NC) geometry. In [13]
it was shown that dynamical Newton–Cartan geometry
is field redefinition equivalent to projectable Horˇava–
Lifshitz gravity as presented in [16]. Hence we should
be able to show that the CS action given in section III A
is equivalent to a 3D projectable HL gravity theory.
A. Bargmann invariant projectable
Horˇava–Lifshitz gravity
We will now rewrite (12) with only the c1 coefficient
nonzero in a metric form using the language of Newton–
Cartan (NC) geometry. The connections τµ and e
a
µ are
the vielbeins of NC geometry. We define inverse vielbeins
vµ and eµa via δ
µ
ν = −v
µτν+e
µ
ae
a
ν so v
µτµ = −1, e
µ
aτµ = 0,
vµeaµ = 0 and e
µ
ae
b
µ = δ
b
a. It can be shown that the first
term in the CS action (12) can be written as
R2(G)∧e1−R1(G)∧e2 = vµeνaRµν
a(G)τ ∧e1∧e2 . (20)
With m = −vµmµτ + e
µ
amµe
a it follows that the third
term in (12) becomes
m ∧R(J) =
(
−
1
2
vµmµR− e
ρ
2mρv
µeν1Rµν(J)
+eρ1mρv
µeν2Rµν(J)
)
τ ∧ e1 ∧ e2 , (21)
where we used that
Rab(J) = e
µ
ae
ν
bRµν(J) ≡
1
2
ǫabR . (22)
The action (12) is written in a first order formalism
where all the connections in Aµ are treated as indepen-
dent variables. The form we are looking for treats the
NC variables τµ, e
a
µ and mµ as the independent vari-
ables. Hence we will integrate out the variables Ωa, Ω and
ζ. Their equations of motion are the NC curvature con-
straints [27] Ra(P ) = 0, R(N) = 0 and R(H) = dτ = 0
where the curvatures are given in (13). These are solved
by expressing Ωaµ and Ωµ in terms of τµ, e
a
µ (their inverse)
and mµ where dτ = 0. The off-shell implementation
of the curvature constraints makes the theory diffeomor-
phism invariant because the NC curvature constraints
imply that the transformations of τµ, e
a
µ and mµ consti-
tute diffeomorphisms and local Ga, J , N transformations
[27].
5In order to rewrite the CS action it will be useful to
employ the following Bianchi identity
dRa(P )− ǫabΩ ∧Rb(P )− Ωa ∧ dτ
= −Ra(G) ∧ τ − ǫabR(J) ∧ eb . (23)
Using the curvature constraints Ra(P ) = 0 and dτ = 0
which will be implemented off-shell we find Ra(G) ∧ τ +
ǫabR(J) ∧ eb = 0. From this we conclude that
vµeν1Rµν(J) = −e
µ
2e
ν
aRµν
a(G) ,
vµeν2Rµν(J) = e
µ
1e
ν
aRµν
a(G) . (24)
Using that Ω1 = −vµΩ1µτ + e
µ
aΩ
1
µe
a we conclude that
(12), with c1 = 1 and all other constants zero, can be
written as
L = e
(
2vˆµeνaRµν
a(G) + (eµae
ν
b − e
ν
ae
µ
b )Ω
a
µΩ
b
ν
+vµmµR) , (25)
where e = τ ∧ e1 ∧ e2.
To massage this expression further we need a notion
of a covariant derivative. This can be introduced via the
vielbein postulates
Dµτν = ∂µτν − Γ
ρ
µντρ = 0 ,
Dµe
a
ν = ∂µe
a
ν − Γ
ρ
µνe
a
ρ − Ω
a
µτν − ǫ
abΩµe
b
ν = 0 , (26)
where we take for Γρµν
Γρµν = −vˆ
ρ∂µτν+
1
2
hρσ
(
∂µh¯νσ + ∂ν h¯µσ − ∂σh¯µν
)
, (27)
in which
vˆµ = vµ − hµνmν , h¯µν = hµν − τµmν − τνmµ ,
hµν = δabe
a
µe
b
ν , h
µν = δabeµae
ν
b . (28)
The connection (27) is a symmetric connection for dτ = 0
that is invariant under Ga, J , and N transformations.
The vielbein postulates relate Γρµν to Ω
a
µ and Ωµ. These
relations are the same as the expressions obtained by
solving the curvature constraints Raµν(P ) = 0, Rµν(N) =
0 for Ωaµ and Ωµ. We denote by ∇µ the covariant deriva-
tive containing the connection Γρµν . For dτ = 0 we have
[13, 27]
[∇µ ,∇ν ]Xσ = Rµνσ
ρXρ ,
Rµνσ
ρ = eρaτσRµν
a(G)− eσae
ρ
bRµν(J)ǫ
ab . (29)
We now switch to employing a Lagrangian density
rather then a 3-form. Using (29) and the fact that from
the vielbein postulates it follows that Ωaµe
ν
a = ∇µv
ν we
find after performing a few partial integrations and writ-
ing vµ = vˆµ + hµνmν that
L = e
(
−∇µvˆ
µ∇ν vˆ
ν +∇ν vˆ
µ∇µvˆ
ν + vµmµR
+(hµρhνσ − hµσhνρ)∇µmρ∇νmσ
)
. (30)
Finally, using partial integrations which give rise to a
commutator on one of the mµ vectors as well as proper-
ties of the Riemann tensor, it can be shown that
L = e
(
hµρhνσKµνKρσ − (h
µνKµν)
2
− Φ˜R
)
, (31)
where
Φ˜ = −vµmµ +
1
2
hµνmµmν . (32)
This is the same action as the action5 (10.10) given in
[13] which in turn is based on the NC version of the re-
sults of [16]. Note that the extrinsic curvature is given by
hνρKµρ = −∇µvˆ
ν . One observes that the HL λ parame-
ter which can appear between the two extrinsic curvature
terms is equal to unity in (31)
If we include Λc appearing in the extended Newton–
Hooke algebra we simply end up with the same La-
grangian to which we add eΛc. We note that the sign
of the cosmological constant term is not fixed.
The Lagrangian (31) should be thought of as depend-
ing on the variables τµ = ∂µτ , Φ˜ and h¯µν and their deriva-
tives. In projectable HL gravity τ is identified with the
ADM time coordinate leading to foliation preserving dif-
feomorphism invariance.
B. Solutions
We will solve the equations of motion of (12), F = 0
with F expanded as in (14), locally for the case with
c2 = c3 = c4 = c5 = 0 but with Λc arbitrary. Under a
gauge transformation the connection transforms as δA =
dΛ + [A,Λ]. We will write Λ as Λ = ξµAµ + Σ , where
Σ = Gaλ
a+Jλ+Nσ+Sκ. In components these are the
following transformations
δτµ = Lξτµ , δe
a
µ = Lξe
a
µ + λ
aτµ + ǫ
abλebµ ,
δΩaµ = LξΩ
a
µ + ∂µλ
a + ǫab
(
λΩbµ − λ
bΩµ
)
,
δmµ = Lξmµ + λ
aeaµ + ∂µσ , δΩµ = LξΩµ + ∂µλ ,
δζµ = Lξζµ − ǫ
abλaΩbµ + ∂µκ . (33)
Without loss of generality we can fix the gauge re-
dundancy by setting τµ = δ
t
µ, e
a
µ = δ
i
µδ
a
i , Ωµ = 0,
Ωa = −Λcδ
a
i x
i and m = 12Λcx
ixidt + dσ. The rela-
tion between NC geometry and the ADM form of the HL
metric
ds2 = −N2dt2 + γij
(
dxi +N idt
) (
dxj +N jdt
)
, (34)
5 In the analysis of [13] a different choice was made for the connec-
tion Γρµν that was denoted by Γˆ
ρ
µν . This other choice is related
to (39) via equations (5.7) and (5.3) of [13]. It can be shown that
the form of the Lagrangian is not affected by these choices.
6uses the following identifications (see section 8 of [13])
τt = N , τi = 0 , hij = γij , hit = htt = 0 ,
mt = 0 , mi = −N
−1γijN
j . (35)
This identification only works in special gauges of the CS
theory. When written in the form (31) the HL theory is
not a Lorentzian metric theory. In order to make contact
with the ADM parametrization we take σ = − 12Λctx
ixi ,
so that mt = 0 and mi = ∂iσ = −Λctx
i .
Hence the full solution for τ , ea and m is given by
τ = dt, ea = δai dx
i, m = −Λctx
idxi. This corresponds
to the ADM variablesN = 1 , N i = Λctx
i , hij = δij . By
making the coordinate transformation xi = e−Λct
2/2X i
this becomes
ds2 = −dt2 + e−Λct
2
dX idX i . (36)
We thus find cosmological solutions for Λc 6= 0. Of course
this is only true sufficiently locally, as there can be non-
trivial identifications on a global level.
V. CHERN–SIMONS ACTIONS FOR 3D
NON-PROJECTABLE HORˇAVA–LIFSHITZ
GRAVITY
In [26] it was shown that gauging the Schro¨dinger al-
gebra leads to torsional Newton–Cartan geometry with
twistless torsion τ∧dτ = 0. In [13] it has been shown that
twistless torsional Newton–Cartan geometry (TTNC)
corresponds to non-projectable HL gravity. We refer to
[28] for an alternative derivation of the same connection
between dynamical TTNC geometry and HL gravity. We
now show that the CS action given in section III B is
equivalent to a 3D non-projectable HL gravity theory.
A. Schro¨dinger gravity
Our goal will be to rewrite the CS Lagrangian (18)
with c2 = c3 = 0 into the metric formulation of TTNC
geometry. As in the case discussed in section IVA we
will go from a first order formalism to a second order
one by integrating out the connections ωa, ω, ζ and α.
The equations of motion corresponding to varying these
connections are the curvature constraints R˜a(P ) = 0,
R˜(N) = 0, R˜(H) = 0, and R˜(D) = 0. These curvatures
can be computed by expanding the curvature of (17) as
F = HR˜(H) + PaR˜
a(P ) +GaR˜
a(G) + JR˜(J)
+NR˜(N) +DR˜(D) +KR˜(K) + SR˜(S)
+Y R˜(Y ) + ZR˜(Z) . (37)
Solving the constraints R˜a(P ) = 0, R˜(N) = 0, R˜(H) = 0
and R˜(D) = 0 was done in [26] and the solution can be
expressed as giving ωa, ω, b and f in terms of the viel-
beins τ (obeying τ ∧ dτ = 0), ea, m and the components
vˆµbµ and vˆ
µfµ. The curvature constraints also allow us
to rewrite the algebra of gauge transformations acting on
these fields as the algebra of diffeomorphisms and inter-
nal transformations consisting of local Ga, J , N , D and
K transformations.
The expressions for ωa and ω can also be obtained from
a vielbein postulate for a specific realization of an affine
connection Γ˜ρµν that is invariant under all the transfor-
mations except those that are diffeomorphisms. These
vielbein postulates are
Dµτν = ∂µτν − Γ˜
ρ
µντρ − 2bµτν = 0 , (38)
Dµe
a
ν = ∂µe
a
ν − Γ˜
ρ
µνe
a
ρ − ω
a
µτν − ǫ
abωµe
b
ν − bµe
a
ν = 0 ,
where we take for Γ˜ρµν
Γ˜ρµν = −vˆ
ρ (∂µ − 2bµ) τν +
1
2
hρσ
(
(∂µ − 2bµ)h¯νσ
+(∂ν − 2bν)h¯µσ − (∂σ − 2bσ)h¯µν
)
. (39)
The connection Γ˜ρµν is symmetric. The associated curva-
ture is [∇˜µ , ∇˜ν ]Xσ = R˜µνσ
ρXρ for any vector Xρ where
[13]
R˜µνσ
ρ = −eρdecσǫcdR˜µν(J) + e
ρ
cτσR˜
c
µν(G)
−δρµτσfν + δ
ρ
ντσfµ + δ
ρ
σ (fµτν − fντµ) . (40)
The equations of motion for ζ and α are solved by
bν =
1
2
vˆµ (∂µτν − ∂ντµ)− vˆ
µbµτν ,
fν = vˆ
µ (∂µbν − ∂νbµ)− vˆ
µfµτν , (41)
which is why we are left with vˆµbµ and vˆ
µfµ as indepen-
dent variables on top of the usual TTNC variables τ , ea
and m. These expressions satisfy eµae
ν
bRµν(K) = 0.
Using the curvature constraints the Lagrangian (18)
for c2 = c3 = 0 and c1 = 1 can be written as
L = 2
(
ea ∧ ωa ∧ ω − τ ∧ ω1 ∧ ω2 + f ∧ e1 ∧ e2
+β ∧ (df + 2b ∧ f)
)
. (42)
With the help of the vielbein postulates this can be fur-
ther rewritten as
L = −
(
2ǫµνρmρ∂µων + ǫ
µνρǫσλκτρv
κ∇˜µv
σ∇˜νv
λ
+2vˆµfµ
)
τ ∧ e1 ∧ e2 + 2β ∧ (df + 2b ∧ f) . (43)
Using the above mentioned results multiple times as well
as (28) and after performing various partial integrations
a lengthy calculation gives
L = e
[ (
hανhβµ − hαµhβν
)
h¯ασ∇˜µvˆ
σh¯βλ∇˜ν vˆ
λ − Φ˜R˜
−2vˆµfµ + 2ǫ
µνρτρvˆ
σβνRµσ(K)
]
, (44)
where we defined R˜ab(J) = e
µ
ae
ν
b R˜µν(J) ≡
1
2ǫabR˜ .
7The next step is to go from the connection Γ˜ρµν to the
torsionful connection (39). The torsion comes from the
fact that for TTNC we have τ ∧ dτ = 0 so that the
first term in (39) is no longer symmetric. The difference
between these two connections is a tensor depending on
bµ. We find
L = e
[(
hανhβµ − hαµhβν
)
KαµKβν + 2vˆ
µbµh
νρKνρ
−2 (vˆµbµ)
2
− Φ˜R˜ − 2vˆµfµ + 2ǫ
µνρτρvˆ
σβνRµσ(K)
]
.
(45)
If we express the spatial curvature R˜ in terms of the
spatial curvature R defined with respect to the Ω con-
nection in (22) we find6 R˜ = R − ∇µ (h
µνaν). The
vector aµ is called the acceleration vector in HL grav-
ity. In TTNC geometry it is known as the torsion vector
aµ = Lvˆτµ , since all information about the torsion of
(39) is contained in aµ. The extrinsic curvatures Kµρ
obey hνρKµρ = −∇µvˆ
ν . We see that the DeWitt metric
has λ = 1 where λ is the parameter in HL gravity that
measures the relative coefficient of the two extrinsic cur-
vature terms. The difference with (31) is that now there
are couplings to vˆµbµ. We note that bµ and fµ transform
as δbµ = ∂µΛD +ΛKτµ , δfµ = ∂µΛK +2ΛKbµ− 2ΛDfµ ,
where ΛD and ΛK are the local parameters of the D and
K transformations. We can thus gauge fix the K trans-
formations by setting vˆµbµ to any desired value.
Finally we rewrite the last term in (45). Using that for
TTNC we can always write τµ = N∂µτ , it can be shown
that
ǫµνρτρvˆ
σβνRµσ(K) = −
1
4
ǫµνρβντρ (∂µ + 2aµ) I , (46)
where I is defined as I = B2 − 4 (vˆµbµ)
2
+
2vˆν∂ν (B − 2vˆ
µbµ)−4vˆ
µfµ , in which B denotes the quan-
tity B = vˆµN−1∂µN . Our final result is thus (45) with
(46). The action depends on the variables τµ = N∂µτ ,
h¯µν , Φ˜, vˆ
µbµ, vˆ
µfµ and βµ. The equation of motion for
βµ allows us to solve for vˆ
µfµ on-shell.
The Lagrangian (45) provides a new way of construct-
ing conformal actions for non-projectable HL gravity that
we refer to as Schro¨dinger gravity. The main difference
with the z = 2 Weyl invariant construction of [13, 26] is
that we do not need to introduce a Stu¨ckelberg scalar,
called χ in [13, 26]. This Stu¨ckelberg scalar was needed
in order to construct a z = 2 Weyl invariant combination
of extrinsic curvature terms based on a DeWitt metric
with λ parameter 1/2, i.e.
(
hανhβµ − 12h
αµhβν
)
KχαµK
χ
βν
where Kχµν is the extrinsic curvature scalar with mµ re-
placed by mµ − ∂µχ (see [13] for details).
6 Formula (12.49) of [13] contains a typo. The vector aµ should
have been bµ. Since hµνbν =
1
2
hµνaν this explains the factor of
2 difference between the expression here and formula (12.49) of
[13].
B. Lifshitz solutions
The Schro¨dinger invariant CS theory (18) with c2 =
c3 = 0 admits z = 2 Lifshitz solutions. It can be readily
verified that the following expressions solve the flatness
conditions F = dA+A ∧ A = 0,
τ =
dt
r2
, e1 =
dr
r
, e2 =
dx
r
, b = −
dr
r
, β = −
dx
r
, (47)
with all other connections equal to zero. If we use the
relation to the ADM description of HL gravity expressed
in (34) and (35) we find the z = 2 Lifshitz metric
ds2 = −
dt2
r4
+
dr2
r2
+
dx2
r2
. (48)
The solution has a simpler form. If we denote b =
e(D−P1)ρ, where r = e−ρ, then the Lifshitz solution
can be written as A = b−1ab + b−1db , where a =
Hdt+ (P2 − Z)dx.
The 3D Lifshitz solution with z = 2 was also found in
the context of CS theories for higher spin theories [29, 30].
However, it was pointed out in [31] that this interpreta-
tion is problematic due to a degeneracy problem: the
spin-connection cannot be determined from the torsion-
free equation. Put another way the non-relativistic solu-
tions of SL(N,R)× SL(N,R) CS theory are not equiva-
lent to metric solutions. Here we show that the solution
(47) naturally emerges from a Newton–Cartan Chern–
Simons theory which is not a Lorentzian metric theory.
VI. DISCUSSION
The results obtained in this paper open up for a num-
ber of interesting applications and extensions. First of
all, it will be interesting to examine CS actions for other
non-relativistic algebras, such as the Galilean conformal
algebra, and likewise for algebras that play a role in ultra-
relativistic limits, such as the Carroll algebra. In the lat-
ter case, one expects a connection to the 3D Carrollian
gravity of Ref. [32].
Another worthwhile direction to pursue is to consider
the CS actions of this paper in the presence of non-trivial
boundaries, and consider aspects of edge physics as per-
formed e.g. in [33] for quantum Hall states. In particular
it would interesting to study the role of the Galilean boost
CS term (with coefficient c2 in (15)) in relation to anoma-
lies in this context. Further one could try to find a micro-
scopic description of the extended Bargmann CS theory,
e.g. using non-relativistic fermions with a mass gap such
that the effective theory below the mass gap is described
by the extended Bargmann CS theory7. Moreover it is
tempting to consider the CS theory with the Galilean
7 We thank Kristan Jensen for pointing this out.
8boost and rotation CS terms (with coefficients c2 and c3)
in (12) as the non-relativistic analogue of topologically
massive gravity [34, 35]. To explore this idea further one
would for example like to understand the solutions of the
theory.
An important application of our findings is to use the
Schro¨dinger invariant CS theory as a bulk holographic
action for z = 2 Lifshitz space-times. The resulting
Schro¨dinger gravity may be regarded as a very minimal
setup to do Lifshitz holography (see [36] for a review).
Using HL gravity in this context was proposed in [37, 38]
and the CS reformulation of this paper is expected to pro-
vide new insights. In particular the CS formulation can
give a proper definition of black objects (provided they
exist) in these non-relativistic gravity theories, and there-
with also give information on boundary hydrodynamics
and other dynamical properties. We also stress that our
results point towards Lifshitz vacua appearing naturally
in non-relativistic gravity, rather than in Lorentzian met-
ric theories. It would thus be interesting to revisit some
of the pathologies [39] and other properties (see e.g. [40])
that have been examined within the framework of Rie-
mannian geometry.
Another relevant aspect to pursue, in close parallel
with higher spin gravity, is to employ the techniques of
[41, 42] to find the corresponding generalization of holo-
graphic entanglement [43] for non-relativistic CS grav-
ity. Moreover, a further extension of our ideas to non-
relativistic higher spin gravity could be an interesting di-
rection. Similar in spirit, an SL(2,R)× U(1) CS theory
(called lower spin gravity) was argued to be the minimal
setup to holographically describe warped CFTs [44]. In
this light one could try to find a relation between the
present CS theories or some close cousin thereof and 2-
dimensional warped CFTs [45].
All the HL gravity actions obtained via our CS for-
mulation have the property that the HL λ parameter,
which appears in the DeWitt metric contracting the ex-
trinsic curvatures, is equal to unity. It would thus be
interesting to see whether by adding appropriate scalar
matter fields, i.e. considering CS matter theories, we can
construct more general HL actions for which λ 6= 1.
Upon the completion of this work we were informed
by Eric Bergshoeff and Jan Rosseel of the paper [46] in
which it is shown that the Bargmann invariant CS action
can be obtained by a non-relativistic limit from three-
dimensional GR, augmented with two vector fields. This
work also obtains a supersymmetric generalization, which
is thus a supersymmetric extension of 3D projectable HL
gravity.
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